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By applying simple properties of the Brouwer degree, a new and self-contained 
proof of the Antipodal Theorem of Borsuk is presented. The proof uses elementary 
notions of the simplicial topology but has points in common with analytical 
arguments based on the application of Sard’s Lemma. 
1. PRELIMINARIES ON AFFINE MAPS 
We begin by recalling some terminology and facts concerning the affme 
maps. By L(R”) we denote the normed linear space of linear operators 
A:R”+R” with lIAI) = Sup(l/Axll; ilxll < 1). By GL(n,R) we denote the 
subset of L(R”) consisting of invertible operators. In what follows, we shall 
repeatedly use a fact that GL(n, R) is open and dense in L(R”). 
We recall that a map I$: R” + R” is uffine provided 
m + (1 - t>JJ) = 4(x) + (1 - t> KY>9 
for all x, y E R” and t E R. Given A E L(R”) and a E R”, the formula 
4(x) = A(x) + a defines an affne map. Furthermore, the assignment 
(A, a) t-r q4 defines a bijective correspondence between L(R”) x R” and the 
set of all afftne maps from R” into R”. An affine map 4: R” + R” is regular 
provided #(R “) = R n. Note that if 4(x) = A(x) + a, where A E L(R”), 
aER”, then 4 is regular if and only if A E GL(n, R). From this remark we 
have: 
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(1.1) Let 4: R”-+ R” be an afine map. Then the set 
22 = (A E L(R”)/e +A is regular} 
is open and dense in L(R”). 
Let (5 = u(pO ,..., pk) be a k-simplex spanned by k + 1 affinely independent 
points p0 ,..., pk E R”. A map 4: B + R” is afjne provided 
qqtx + (1 - t)y) = tqqx) + (1 - t) 4(y) 
for all x, y E u and t E 10, 11. Note that in the case k = n, there is one-to-one 
correspondence between affme maps of 0 into R” and affine maps at R” 
into R”. 
Let q4 be an n-simplex of R “. An affine map 4: a --t R” is regular provided 
#(a) is an n-dimensional simplex of R”. Clearly 4: u + R” is regular if and 
only if i(x) = A(x) + a, where A E GL(R, n), a E R”. This implies 
(1.2) Let u c R” be an n-simplex and 4: u + R” be an affine map. Then 
the set 
.oP = (A E L(R”)l$ +A is regular} 
is open and dense in L(R “). 
(1.3) Let unp’ be an (n - I)-simplex of R”, with 0 & a”-‘, p: u” ’ *R” 
be an affine map and assume that 0 E $(a”- ‘). Then the set 
.d’= (A E L(R”)IO 6? ($ +~!)(a”~ ‘)I 
is open and dense subset of L(R”). 
Proof. Clearly, Sp is open. To prove that & is dense, it will suffice to 
show that for any e > 0 there exists an A E .M’ such that IlA 11 < E and 
04 (# +A)(u”-’ ). To prove this let L denote an (n - 1)dimensional linear 
subspace of R” such that qS(u”-‘) c L and choose v E R”\L. Next because 
0 @ a”-’ there is a linear functional 17: R” + R such that q(x) > 0 for all 
XE CT”-‘. Choose a number C > 0 such that C < (liqll . 11 vl~)~ ‘. It is now 
clear that the linear map A given by x tr &V(X) v has the desired properties. 
2. SIMPLICIAL MAPS 
We recall that a subspace Xc R ’ is a polyhedron if there is a finite 
collection T = (a} of geometric simplexes such that (i) X = U (a(u E T}. 
(ii) each face of a u E T is also in T, (iii) if u,, uz E T, then u, n u? is a face 
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of both CJ, and u2. The collection T is called a triangulation of X. If k is an 
integer, then Xk c X which is the union of all simplexes of dimension < k is 
said to be the k-skeleton of X. A triangulation T’ of X is a subdivision of T 
provided each simplex T is the union of simplexes in T’. In particular, 
subdividing barycentrically each u E T we get a triangulation T’ called the 
barycentric subdivision of T. In what follows by TCm) we denote the iterated 
barycentric subdivision of T of order m. We use the fact that the diameter of 
the simplexes of TCm) can be made arbitrarily small by taking m sufficiently 
large. 
Let X be a polyhedron and T be a triangulation of X. A map f: X + R” is 
said to be T-simplicial provided for any u E T the restriction flu: u + R m is 
an affine map. Clearly such a map is determined by its behavior on vertices: 
if f is defined on the O-skeleton X” of X, then it can be extended uniquely to 
a T-simplicial map from X to R”. 
Using this and the uniform continuity off we obtain easily the following 
approximation result: 
(2.1) Let X be a polyhedron and f: X --, R” be continuous. Then for each 
E > 0 there exists a triangulation T on X and a T-simplicial map f,: X + R * 
such that )/f(x) - f,(x)ll < e for all x E X. 
We introduce now an important notion of a regular value for a given 
simplicial map. 
(2.2) DEFINITION. Let (X, T) be a polyhedron and f: X + R” be a 
simplicial map. We say that JJ E R” is a regular ualue of f provided 
J’ 66 f(X"-'), where X”-’ is the (n - I)-skeleton of X. A simplicial map 
f: X+ R” is said to be normal provided (i) the restriction f /u is regular for 
each n-simplex u E T and (ii) 0 is a regular value off: 
The following basic lemma is of importance: 
(2.3) LEMMA. Let X be a polyhedron with 0 65 X and let f: X + R” be a 
T-simplicial map. Then the set 
.&‘= (A E L(R”) if +A is normal} 
is open and dense in L(R “). 
Proof. Since .rP = .Q$ n .r3*, where 
LrS, = {A E L(R”)I (f + A)/, is regular for each n-simplex u E T}, 
c&2= {A EL(R”)IOisaregularvalueforf +A}, 
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it is enough to show that 4 (i = 1,2) is open and dense in L(R”). If i = 1, 
this follows from (1.2). If i = 2, since for each (n - 1).simplex u”- ’ E T we 
have 0 6? f(a”-‘), this is a consequence of (1.3). 
3. THE TOPOLOGICAL DEGREE 
We recall briefly the definition and some basic properties of the 
topological degree which will be used in the proof of the Antipodal Theorem. 
In the following definition we use the singular homology over the integers. 
Let U be a bounded domain in R” and f: (U, au)+ (R”, R” - 0) be 
continuous. Letting K = f -l(O) we have a diagram 
Sn&(Sn,Sn-~)t’(U,U-~) 
I (1) 
S”k (S”, S”-0)L CR”, R” - {O/j, 
where all arrows but f denote inclusions and S” = R” U 00. We have the 
corresponding diagram of homology groups 
~rl(S”) - i* H,(S”,S”-K)‘;If&(U, U-K) 
I 
f* 
(I*) 
H,(S”) kT’ v H”(S”, S” - 0) elr-H,(R”,R”-0). 
The topological degree d(f, U) is defined by 
k~‘lJ,j~‘i*(v) =f(f, U) v, (2) 
where v is a generator of H,(S”) = Z. 
Using a singular homology, the following basic properties of the degree 
can be easily verified: 
(I) Normalization. Let j: (0, dU) -+ (R”, R” - (0)) be the inclusion. 
Then 
d( j, U) = 1 if OE U, 
=o if 065 U. 
(II) Excision. The degree depends only on the behaviour off in the 
neighbourhood of K = f -l(O): if KC VC U, where V is open, then 
4.L U) = w- v 0 
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(III) Additivity. Given f and K = f -l(O) let { Vj) denote a finite open 
covering of K such that Vj c U and Vi f7 Vj = 0 when i # j. Then d(f, U) = 
Cj d(f, vj). 
(IV) Homotopy. Let h,: (0, au)-+ (R”, R” - (0)) be a hotnotopy. Then 
d(h,, U) = d(h, , U>. 
Remark 1. It follows from the homotopy property that the degree 
depends only on boundary values: if for f, g: (6, au) + (R”, R” - (0)) we 
have fl ~I!J = g ) aU, then d(f, U) = d(g, U), because the homotopy h,(x) = 
f(x) - (1 - t) g(x) joins f and g and does not vanish on 8U. 
Remark 2. Let U= a(p,,p i ,..., p,) be an n-simplex and f: (0, i3U)- 
(R”, R” - 0) an affine map. From the properties of the degree it follows 
easily that if f is regular (i.e., S(x) = a + Ax, where A E GL(n, R)) and 
0 E f(U), then d(f, U) = sign det A. 
4. THE ANTIPODAL THEOREM 
Throughout this section we assume that U is a bounded domain in R” 
which is centrally symmetric (i.e., -U = U), and that u is a polyhedron. We 
say that a map f: I?--+ R n is odd if f (-x) = -f(x) for x E a. 
First we establish 
(4.1) LEMMA. Let f: (0, au) + (R”, R” - (0)) be a continuous odd map. 
If 0 @ 0, then d(f, U) is even. 
Proof: Let X = 0. Since 0 6? f (au), e = sup{11 f(x)il; x E au) > 0. By 
(2.1) there exist a triangulation T on X and a T-simplicial map f, : X + R” 
such that /I f(x) - f,(x)11 < c/2 f or all x E X. Without a loss of generality we 
may assume that T is symmetric (i.e., u E T implies -u E T). Define 
f, : X+ R” by f,(x) = j(f,(x) - f,(-x)). Evidently fi is odd and T-simplicial. 
Moreover, Ilf(x>-f,@>ll = IlifW - if,(x) - if(-x) + ffkx>ll < 
f Ilf(x) -f,G>ll + f IIf - f,(-x>ll < 4 and thus f,: (0, W -+ 
(R”, R” - {O}) is homotopic to J Using (2.3), we find A E L(R”) with 
[IA /I < ~/2 and such that g = f2 + A is normal; clearly, g: (0, au) + 
(R”, R” - {O)), fi = g and hence d(f, U) = d(g, U). Because g is normal 
g-‘(O) = {XI 3 --XI,..., Xk, -xk), where each xi is an inner point of an n- 
simplex ui E T. By the additivity of the degree we have d(g) = 
Cf=, (d(g, Int ai) - d( g, Int(-ai)). On the other hand, by Remark 2 we have 
d( g, Int a,.) = d( g, Int(--a,), hence d( g, U) = 2 Cf= I d( g, Int ui) and the 
proof is complete. 
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(4.2) THEOREM (Antipodal Theorem). Let f: (I!?, 3U) + (R”, R” - (0)) 
be a continuous map such that f (-x) = -f(x) for x E XJ. Zf” 0 E U, then 
d(f, U) is odd. 
Proof Choose an r > 0 such that for U, = (x E R”, /xll < r), fi,, c U 
and let f, = &, : aU+ R” - (0). By Tietze’s Extension Theorem there exists 
a continuous mapf, : (u, XI)-+ (R”, R” - (O}), such thatf,(x) =f,(x) =f(x) 
for x E XJ and f,(x) = x for x E I!?, . Let g(x) = f (f,(x) - f,(-x)). Then g is 
odd and g(x) = f,(x) _for x E Xl u 0,; consequently g: (0, Xl) + 
(R ‘, R”\(O}). Let V = VU,,. By the additivity, the normalization and (4.1) 
we have d( g, U) = d( g, U,) + d( g, V) = 1 + d( g, V) and hence d( g, U) is 
odd. Since g la” = jjau we get d(f, U) = d(g, U) and the proof is completed. 
Note. The paper was suggested by 111, the difference between the proof given by Alex- 
ander and Yorke and our is that we replace differentiable maps by affine maps. The advantage 
is that this permits us to replace transversality arguments by a simpler fact that GL(n, “) is 
an open and dense subset of L(R”). The definition and the basic properties of the topological 
degree may be found in 12 1. 
After this paper was submitted the authors were informed by H. 0. Peitgen of his joint 
work with H. M. Siegberg 13 1 in which another type of proof of the Antipodal Theorem is 
given using P.!-approach to the degree theory. 
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